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On the harmonic oscillator and its invariance superalgebras 

N Debergh 
Physique Theorique et Mathtmatique, lnstitut de Physique ( B S ) ,  Universite de Liege au 
San Tilman, 8-4000 Liege 1, Belgium 

Received 26 July 1990 

Abstract. We determine the largest kinematical and dynamical invariance Liesuperalgebras 
characterizing n-dimensional harmonic oscillators when the spin-orbit supersymmetrira- 
tion procedure is under study. These considerations essentially add new Heirenberg 
superstructures in the case of an arbitrary even number of spatial dimensions. 

1. Introduction 

Many recent works (Bagchi el a1 1990) have already been devoted to supersymmetric 
quantum mechanics as introduced by Witten (Witten 1981). Most of them have put 
the accent on the supersymmetrized harmonic oscillator (Beckers and Hussin 1986, 
Beckers et a1 1987,1988), an interesting N = 2  case in connection with exact supersym- 
metry for example. In particular, the conformal invariances (Fubini and Rabinovici 
1984) associated with this system have been intensively exploited (Beckers and Hussin 
1986, Beckers et a1 1987, 1988) essentially within the so-called standard procedure of 
supersymmetrization. 

Let us  recall that, in this case, the n-dimensional supersymmetric Hamiltonian is 
defined as the anticommutator of the two following supercharges: 

1 
Q *-a - - ( p , T i ~ x ~ k , ~  j =  1,.  . . , n (1.1) 

where summation over repeated indices is understood. The bosonic variables pj  and 
x, satisfy as usual 

. a  
axj (1.2) [ p j ,  X I ]  = -iajI p .  = -, - 

Moreover the fermionic quantities &, form the basis of a Clifford algebra %'I2* 
(Sattinger and Weaver 1986), i.e. 

{5+.j, 5-.r)=s,J (1.3a) 
{E*,,, 5*,J =o. (1.3b) 

HsT= IQ+, 0-1 = f (p2+w2x2)+ 4 ~ [ 5 + . ~ ,  5-.,1 
The corresponding supersymmetric Hamiltonian is then given by 

(1.4) 
which can be called the standard Hamiltonian. 

The largest kinematical and dynamical invariance superalgebras associated with 
this operator have already been revealed (Beckers et a1 1988) as [osp(2 /2)@so(n) ]~  
sh(Zn/2n) and osp(Zn/Zn)Bsh(Zn/Zn) respectively. The symbol 3 refers here to a 
semidirect sum of algebras. 
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It is also well known that the properties characterizing the fermionic variables are 
specifically dependent on the supersymmetrization procedure that we want to develop. 
For example, the conditions (1.3a) can be replaced by 

15+.j, 5 - , l } = ~ i l ~ - 2 i ~ , ~  (1.5a) 

(1.56) lil = -Clj - =3. 

Taking account of these relations in (1.1). we are led to the following Hamiltonian 
(Eeckers et ai i988j: 

- f  - 
I 

- - 

H s o =  { Q + ,  Q-I = % p 2 +  w 2 x 2 ) +  fw[5+.,, t-,;I -w[xjPi -XiPilE:, (1.6) 
differing from the first one (1.4) by a spin-orbit coupling term and thus referring to 
the so-called spin-orbit supersymmetrization procedure. Let us remember that, in this 
last context, we know, from the Balantekin contribution (Balantekin 1985), that the 
tnrce-dimensionai supersymmeiric usciiiaiur is characierized by osp(2/2j@so(j) as 
the largest dynamical invariance superalgebra. Such a result has also been generalized 
to an arbitrary number n of spatial dimensions by Kostelecky et a/ (1985). Their study 
has realized the superalgebra osp(2/2)0so(n).  More recently, in the two-dimensional 
case this last structure has been enlarged (Beckers et a /  1988) to [osp(2/2)0so(2)]%, 
sh(2/4) but such an extension has not yet been envisaged when n is greater than two. 

to new properties (Beckers et a /  1990) that we have obtained on the above fermionic 
variables satisfying (1.5) as typical quantities of the spin-orbit coupling procedure. 
We have shown that these fermionic variables generate a well-definite semidirect sum 
of two %Im or, equivalently, the unitary superalgebras su(2"-'/2"-') and su(2"/2") 
in the respective n = 2m and n = 2m + 1 cases. These differences between the n-even 

associated with the Hamiltonian (1.6). This will thus lead us to distinguish the cases 
where n is even (section 2) or odd (section 3). Some comments (section 4) on the 
connection between our results and those obtained in parasupersymmetric quantum 
mechanics (Beckers and Debergh 1990a, b) will also be presented. These considerations 
will thus complete the parallelism between the two procedures of supersymmetrization, 
!pading to specific reru!ts for kinematical as we!! as dynamical invariance mpeerstruc- 
tures. 

. I ~  

Tl.2 :" --....:"̂,...Le -":_ "^ ̂ FtL:^ _^_^_ *I-^ LL.." ..-"":La- A _ _ ^  
I, , ,> ID p,rGcr>sry LIlC 1,,'t,11 p"Ly"Jc U, L l l l J  pap", L U G  C*LCIIJIUII l l"W U G U q $  p""s1V1c ""C 

2nd n=odd contexts C2" then be %.died 2t the !e%! of the inwrinnce supera!gebras 

2. The n =2m case 

A fundamental realization (Beckers et a /  1990) of the unitary superalgebra 
su(2"-'/2"-') generated by the ( j  = 1 , .  , , , 2 m )  is given by (Z2"- 1) matrices of 
dimension 2". Let us  also point out that, if we define the new (4m) fermionic quantities, 

aj=t+.;+t-- . j  anii = i(.$-,j-t+,j) j =  1 , .  . . , 2 m  (2.1) 

{ai, all = igi  in"+;, ~ " + l l = ~ o , l l  ja ; ,a"+, t=- (a,~+, ,a i j=* l , l .  \L .LU,"I  

the relations (1.36) and ( 1 . 5 ~ 1 )  now read 
1 - 1 ,  A? (11- h\ 

We notice that the ajs ( j  = 1 , .  . , , 2 m )  generate a Clifford algebra %bm realized in 
terms of 2" x2" matrices (Sattinger and Weaver 1986). We can then define 

an+2j= -012j-1 an+2j-, = a2j (2.3) 
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or equivalently 

5+.2; = 6-.2; = V j =  1,. . . ,2m. 

Replacing these conditions in (2.2a) and (2.26), we obtain the results 

= , + , = - I  j = 2 p + l  p =O,. . . , m - 1 - 
I #  j + l ;  / = j +  1 j = 2 p  p = l , .  . . , m- 1. - 

E;, = 0 

Taking account of these relations in (1.6), we obtain 

Hso= ; (p'+ w2x2)+w[6+.2i--l, 6-.2,i-,l+ o(X;pj+, -xj+~pj)I .  

It is now easy to see that the usual bosonic operators 

P: = e'""'(p,,_, - wx, ,~ ip ,  FiwxZi-,) 

M, = p2,-, + wx2; 

N; = P ~ , - w x ~ , - ~  

and fermionic operators 

T: = e'2'"'( (Y~,+~ T ia,, ) 

149 

(2.4) 

(2.5a) 

(2.5b) 

(2.6) 

(2.7a) 

(2.76) 

(2 .7~)  

(2.8) 

correspond to effective supersymmetries for the Hamiltonian (2.6). These generators 
lead to the Heisenberg superalgebra sh(2m/4m) as a fundamental invariance superal- 
gebra for the ( n  = 2 m )  harmonic oscillator. Indeed we have on the one hand 

[Po, x., 1 = -ip, - iwx,,_, 

[ P O ,  X2,-J = -' m, - I + i w ,  

[ Hso, p2, ] = -iwp,_,  + iw2x,, 
(2.9) 

[Hso ,  p2,-J = iwp, + iwzx2,-, 

and on the other hand 

[Hso,  U,,]  = -2iwa2,-, [ H s o ,  a2,-,] = Ziwa,, (2.10) 

(2.11) 

Combined with the already known (Kostelecky ef a/ 1985) invariance superalgebra 
osp(Z/Z)@so(Zm), these results lead to the largesf kinematical invariance super- 
structure: 

[osp(2/2)@so(2m)] %)sh(2m/4m). (2.12) 

Let us notice here that the Kostelecky realization (Kostelecky et a/  1985) 

s+,, = r, o U* u-!, r r } = z v  (2.13) 

reduces this last superalgebra to osp(2/2)0so(Zm) only. Indeed, this realization, whose 
matricial dimension is 2"+', points out non-trivial Z,,s, as easily verified. 

Let us end this section by noticing that these largest kinematical invariance superal- 
gebras lead to new dynamical invariance superstructures for the ( n  = 2m)-dimensional 
supersymmetric harmonic oscillator. More precisely, this even case permits the enlarge- 
ment of the already known structure osp(Z/Z)@so(Zm) (Kostelecky et a/  1985) to 

osp(2m/4m)%, sh(2m/4m). (2.14) 
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This last superalgebra is generated by the operators defined in (2.7) and (2.8) while 

C*= ,I -2w(pj Fiwxj)(pl*iwx,) (2.15~1) 

H,, = 2 0  ( pj  - iwx, ) ( pI + iwx, ) (2 .15b)  
form the simple Lie algebra sp(4m. W) and 

J,,=aja, j ,  I =  1, .  . . ,2m (2.16) 

the compaci simciure soj im).  
Finally, the odd part of osp(2m/4m) is given by the products PTT;, P,: T ; ,  Mj T ; ,  

N j T f ,  showing once again the prominent role played by the Heisenberg superalgebra 
(Beckers and Hussin 1986). 

1 TI.,. --?."A1 ""-" 
U. I..= I. --.a. I 1 ."DS 

In comparison with the preceding case, we are concerned here with the unitary 
superalgebra su(2"/2") (Beckers er a1 1990) whose fundamental realization is given 
by (2"'+'x2"'+') matrices. However, as the Clifford algebras we are dealing with are 
generated by (2"' x2"') matrices (Sattinger and Weaver 1986). it is impossible to find 
1 ~ i m n l o  l inesr rplntinn thst will m n n e r t  the n . ~  2nd the !"deed, E &tai!ed -I -I.- -I.- 

calculation shows that the (odd-dimensional) matrix characterizing such a relation 
would be necessarily antisymmetric in order to satisfy (2 .2b) .  Moreover, the hermiticity 
of the generators implies the reality of this matrix. These two properties show that the 
two Clifford algebras are independent due to the singular character of the matrix. 

Consequently, the antisymmetric operators SjI cannot be realized through the 
identity matrix only and an invariance Heisenberg superalgebra cannot appear, We 
are thus reduced to the kinematical invariance superstructure already obtained in the 
Kostelecky realization (Kostelecky et a1 1985), i.e. 

osp(2/2)0so(2m + 1). (3.1) 

Moreover, this structure coincides with the largest dynamical invariance superalgebra 
associated with the (n = 2m + 1) supersymmetric oscillator. 

- " .... Y.- ....- -. .-.-..-.. ...-. ..... --..... --. ...- 

4. Comments 

As it was already realized within the standard procedure of supersymmetrization, we 
have put in evidence the largest invariance structures associated with n-dimensional 
oscillators when the spin-orbit coupling procedure of supersymmetrization is con- 
sidered. We have distinguished even and odd numbers of spatial dimensions and 
obtained the kinentatical invariance superalgebras [osp(2/2)Oso( n ) ]  3sh(n /2n)  and 
osp(2/2)0so(n)  respectively. We also have extended these results to dynamical super- 
structures. The parallelism between the two procedures is now completed. 

Also, these considerations are of interest because of their perfect inclusion into 
parasupersymmetric developments (Beckers and Debergh 1990a, b). A complete 
specification of the supersymmetric theories is thus required as a particular case of 
parasupersymmetric quantum mechanics. Indeed, the superposition of (para)bosonic 
and parafermionic degrees of freedom has been recently studied (Beckers and Debergh 
1990a) through the spin-orbit coupling procedure of supersymmetrization, leading to 
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remarkable Lie superalgebras and parasuperalgebras (Beckers and Debergh 1990b). 
It should be noted here that the adding of antisymmetric tensors in (2 .2b) ,  for example, 
is recovered in the parasupersymmetric context but through generalized Clifford alge- 
bras. These generators essentially reduce to the identity in the even case and Heisenberg 
parasuperalgebras are found as invariance structures. 
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