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On the harmonic oscillator and its invariance superalgebras

N Debergh

Physique Théorique et Mathématique, Institut de Physique (B.5), Université de Liége au
Sart Tilman, B-4000 Liege 1, Belgium

Received 26 July 1990

Abstract. We determine the largest kinematical and dynamical invariance Lie superalgebras
characterizing n-dimensional harmonic oscillators when the spin-orbit supersymmetriza-
tion procedure is under study. These considerations essentially add new Heisenberg
superstructures in the case of an arbitrary even number of spatial dimensions.

1. Introduction

Many recent works (Bagchi et al 1990) have already been devoted to supersymmetric
quantum mechanics as introduced by Witten (Witten 1981). Most of them have put
the accent on the supersymmetrized harmonic oscillator (Beckers and Hussin 1986,
Beckers et al 1987, 1988), an interesting N =2 case in connection with exact supersym-
metry for example. In particular, the conformal invariances {Fubini and Rabinovici
1984) associated with this system have been intensively exploited (Beckers and Hussin
1986, Beckers et al 1987, 1988) essentially within the so-called standard procedure of
supersymmetrization.

Let us recall that, in this case, the n-dimensional supersymmetric Hamiltonian is
defined as the anticommutator of the two following supercharges:

1
Qi=ﬁ(pj:|:iwxj)§=_j j=1,...,n (1.1)

where summation over repeated indices is understood. The bosonic variables p; and
x; satisfy as usual

. . 0
[P, x:]= -8, Bi="1 a (1.2)
Moreover the fermionic quantities £.; form the basis of a Clifford algebra %,
(Sattinger and Weaver 1986), i.e.

{1, 6 k=8,T (1.3a)

{£. . &} =0. (1.3b)
The corresponding supersymmetric Hamiltonian is then given by

H ={Q:, Q-}=3(p +0'x") + 1wl &, & ] (1.4)

which can be called the standard Hamiltonian.

The largest kinematical and dynamical invariance superalgebras associated with
this operator have already been revealed (Beckers et al 1988) as [osp(2/2)@so(n)]P
sh{2n/2n) and osp(2n/2n) P sh(2n/2n) respectively. The symbol P refers here to a
semidirect sum of algebras.
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It is also well known that the properties characterizing the fermionic variables are
specifically dependent on the supersymmetrization procedure that we want to develop.
For example, the conditions (1.3a) can be replaced by

16e, £} =6,1 =218, (1.5a)
! (1.5b)

Taking account of these relations in (1.1}, we are led to the following Hamiltonian
{Beckers ef ai 1988):

0={Q., Q=P+ o’ xX) il &, £ ] - wlxp - xp 12, (1.6)

diftering from the first one (1.4) by a spin-orbit coupling term and thus referring to
the so-called spin-orbit supersymmetrization procedure. Let us remember that, in this
last context, we know, from the Balantekin contribution (Balantekin 1985), that the
lIll'Ce UlmCﬂblUlldl bupersymmctrlu UbLllldlUl’ lb Lndrduerlzeu Dy osp\2/'2)Osou) as
the largest dynamical invariance superalgebra. Such a result has also been generalized
to an arbitrary number n of spatial dimensions by Kostelecky et al (1985). Their study
has realized the superalgebra osp(2/2)@so(n). More recently, in the two-dimensional
case this last structure has been enlarged (Beckers er al 1988) to [osp(2/2)@s0(2)]D
sh(2/4) but such an extension has not yet been envisaged when n is greater than two.

|
I
[1]
[

o mramioaly tha s ole v oo o Al this mamar tha nevtatacinm mwavr lhafme ool

Thlb is plcubcxy U.I.C llld.!ll. })ul}JUDC i L[llb papc1 l.llC CAlUIlblUll HUw Uc1115 PUbblUlC UUU
to new properties (Beckers er al 1990} that we have obtained on the above fermionic
variables satisfying (1.5) as typical quantities of the spin-orbit coupling procedure,
We have shown that these fermionic variables generate a well-definite semidirect sum
of two €I, or, equivalently, the unitary superalgebras su(2™~'/2™~!) and su(2™/2™)
in the respective n =2m and n=2m+1 cases. These differences between the n-even

erd ,"}70"’1 contaxts can thnn hp c:hlrhprl at thr—- lavel nf thp invariance enpprqlaebras

associated with the Hamiltonian (1.6). This will thus lead us to distinguish the cases
where n is even (section 2} or odd (section 3}. Some comments (section 4} on the
connection between our results and those obtained in parasupersymmetric quantum
mechanics (Beckers and Debergh 1990a, b) will also be presented. These considerations
will thus complete the parallelism between the two procedures of supersymmetrization,
leadine to qnemﬁc‘ results for kinematical as well as dynamical invariance superstruc-

allllly LAIIL, TESLMES 10T RITICIN ILdl dX Alllle hl 1y L~

tures.

2. The n =2m case

A fundamental realization (Beckers et al 1990) of the unitary superalgebra
su(2™~'/2™""y generated by the £. ;s (j=1,...,2m) is given by (2°” — 1) matrices of
dimension 2™. Let us also point out that, if we define the new (4m) fermionic quantities,

a; =& ;tE an+,,-=!'(§—‘j—f+,;) j=1...,2m (2.1)

the relations {1.3b) and (1.5a) now read

al}z zajli {an+j9 Xnti } A 0 ' {aj- an+.’} = _{a:lff, al} ii"Eﬂ- (2.2&, &)

We notice that the a;s {(j= 1,...,2m) generate a Clifford algebra %I, realized in
terms of 2™ x 2™ matrices (Sattinger and Weaver 1986). We can then define

®ps2j = T 025 Qyizj = Ay (2.3)
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or equivalently

Eegy =ik 55 o =1€ 2 vi=1,..., 2m. (2.4}
Replacing these conditions in (2.2a) and (2.2b), we obtain the results
Bin=—1 j=2p+1 p=0,....,m—1 (2.5a)
Ey=0 I=j+1;1=j+1 i=2p p=1,...,m—1 (2.5b)
Taking account of these relations in {1.6), we obtain

H¥ =Y p*+ 0’ twléiyo, £ 5imi]+ 0(5pa— X p) L (2.6)

It is now easy to see that the usual bosonic operators

Pji=eﬂiwr(szml_ﬁ’xZJ:Fipzj‘Tiwxzj—]) {2.7a)
M;=py;_,+ oxy (2.7b)
N =py—oxy_, (2.7¢)

and fermionic operators
T)=e* " (ay | Fiay) (2.8)

correspond to effective supersymmetries for the Hamiltonian (2.6). These generators
lead to the Heisenberg superalgebra sh(2m/4m) as a fundamental invariance superal-
gebra for the (n =2m) harmonic oscillator. Indeed we have on the one hand

[H, x;;]=—ips; —iwx;;_, [H, ;1= —iwps- +iwxy (2.9)

[H, x;; 1= —ips_ +iwxy [H%, py ] =iepytie™n,,
and on the other hand

[H5C, as] = —2iwas_, [H®°, ay_,]=2iway, (2.10)

where we have used the identity
[[A, B], C1={A,{B, C}}—-{B,{A, C}}. (2.11)

Combined with the already known (Kostelecky et al 1985) invariance superalgebra
osp(2/2)@so(2m), these results lead to the largest kinematical invariance super-
structure:

[osp(2/2)@so(2m)]Dsh(2m/4m). (2.12)
Let us notice here that the Kostelecky realization (Kostelecky et al 1985)
(& =I®o, {I;,I}=28,1 (2.13)

reduces this last superalgebra to osp(2/2}@s0(2m) only. Indeed, this realization, whose
matricial dimension is 2", points out non-trivial Z s, as easily verified.

Let us end this section by noticing that these largest kinematical invariance superal-
gebras lead to new dynamical invariance superstructures for the (n = 2m)-dimensional
supersymmetric harmonic oscillator. More precisely, this even case permits the enlarge-
ment of the already known structure osp(2/2)@so{2m) (Kostelecky et al 1985) to

osp{2m/4m)Psh(2m/dm). (2.14)
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This last superalgebra is generated by the operators defined in (2.7) and (2.8) while
Ch=—20(p; Fiwx; { pFiwx) ' (2.15a)
H,; =2w(p—iox;)(p tiex) (2.15b)
form the simple Lie algebra sp(4m, R} and
Ji=a;a Li=1,...,2m {(2.16)
the compact structure so{2m).
Finally, the odd part of osp(2m/4m} is given by the products P; T7, P; Ti, M; T},

N, Ty, showing once again the prominent role played by the Heisenberg superalgebra
(Beckers and Hussin 1986).

3. The n=2m+1 case

In comparison with the preceding case, we are concerned here with the unitary
superalgebra su(2™/2™) (Beckers et al 1990) whose fundamental realization is given
by (2™ x2™"') matrices. However, as the Clifford algebras we are dealing with are

generated by (2™ x2™) matrices (Sattinger and Weaver 1986), it is impossible to find

a simnle Hnear relation that will conneet the .5 and the o . 5. Indeed a detailed

a simple linear relation that will connect the a;s5 and the «,.,s. Indeed, a detailed
calculation shows that the {odd-dimensional) matrix characterizing such a relation
would be necessarily antisymmetric in order to satisfy (2.2b). Moreover, the hermiticity
of the generators implies the reality of this matrix. These two properties show that the
two Clifford algebras are independent due to the singular character of the matrix.

Consequently, the antisymmetric operators E; cannot be realized through the
identity matrix only and an invariance Heisenberg superalgebra cannot appear. We
are thus reduced to the kinematical invariance superstructure already obtained in the
Kostelecky realization (Kostelecky et al 1985}, i.e.

0spi{2/2)®so(Zm+1). (3.1)

Moreover, this structure coincides with the largest dynamical invariance superalgebra
associated with the (n =2m -+ 1) supersymmetric oscillator.

4, Comments

As it was already realized within the standard procedure of supersymmetrization, we
have put in evidence the largest invariance structures associated with n-dimensional
oscillators when the spin-orbit coupling procedure of supersymmetrization is con-
sidered. We have distinguished even and odd numbers of spatial dimensions and
obtained the kinematical invariance superalgebras [osp(2/2)@®so(n)] B sh(n/2n) and
osp{2/2)®so(n) respectively. We also have extended these results to dynamical super-
structures. The parallelism between the two procedures is now completed.

Also, these considerations are of interest because of their perfect inclusion into
parasupersymmetric developments {Beckers and Debergh 1990a,b). A complete
specification of the supersymmetric theories is thus required as a particular case of
parasupersymmetric quantum mechanics, Indeed, the superposition of (para)bosonic
and parafermionic degrees of freedom has been recently studied (Beckers and Debergh
1990a) through the spin-orbit coupling procedure of supersymmetrization, leading to
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remarkable Lie superalgebras and parasuperalgebras (Beckers and Debergh 1990b).
It should be noted here that the adding of antisymmetric tensors in (2.2b), for example,
is recovered in the parasupersymmetric context but through generalized Clifford alge-
bras. These generators essentially reduce to the identity in the even case and Heisenberg
parasuperalgebras are found as invariance structures.

Acknowledgment

Very interesting and stimulating discussions with Professor J Beckers are cordially
acknowledged.

References

Bagchi B, Lahiri A and Roy P K 1990 Inr. . Mod. Phys. A 5 1383-456

Balantekin A B 1985 Ann, Phys.,, NY 164 277-87

Beckers J and Debergh N 19902 Lie structures in parasupersymmetric quantum mechanics: 11, The spin-orbit
coupling supersymmetrization procedure Preprint ULg

—— 1990b L. Phys. A: Math. Gen. 23 L7518

Beckers J, Debergh N, Hussin V and Sciarrino A 1990 J. Phys. A: Math. Gen. 23 3647

Beckers J, Dehin D and Hussin V 1987 J. Phys. A: Marh, Gen. 20 1137-54

—— 1988 & Phys. A: Math. Gen. 21 651-67

Beckers J and Hussin V 1986 Phys. Lett. 118A 319.21

Fubini § and Rabinovici E 1984 Nucl. Phys. B 245 17-44

Kostelecky V A, Nieto M M and Truax D R 1985 Phys. Rev. D 32 2627-33

Sattinger D H and Weaver O L 1986 Lie groups and algebras with applications to physics, geometry and
mechanics (Berlin: Springer)

Witten E 1981 Nucl. Phys, B 188 513-54



